Published by Institute of Physics Publishing for SISSA Received: April 21, 2005 Accepted: June 14 , 2005 Published: July 8, 2005

Towards supergravity duals of chiral symmetry breaking in Sasaki-Einstein cascading quiver theories

Benjamin A.Burrington, James T. Liu, Manavendra Mahato and Leopoldo A. Pando Zayas

Michigan Center for Theoretical Physics, Randall Laboratory of Physics The University of Michigan Ann Arbor, MI 48109–1040, U.S.A.

E-mail: bburring@umich.edu, jimliu@umich.edu, mmahato@umich.edu,

lpandoz@umich.edu

Abstract: We construct a first order deformation of the complex structure of the cone over Sasaki-Einstein spaces Y^{p,q} and check supersymmetry explicitly. This space is a central element in the holographic dual of chiral symmetry breaking for a large class of cascading quiver theories. We discuss a solution describing a stack of N D3 branes and M fractional D3 branes at the tip of the deformed spaces.

Keywords: AdS-CFT and dS-CFT Correspondence.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep072005019 /jhep072005019 .pdf

Contents

1. Introduction and summary 1

2. Review of superconformal quiver theories and their dual AdS_5 × Y^{p,q} backgrounds 3 2.1 The cone over Y^{p,q} 3

3. The first order complex deformation 5 3.1 First order perturbation 6 3.2 Supersymmetry of the perturbed solution 7

4. Complex coordinates and Kähler potential 9 4.1 First order perturbation in complex form 11

5. Warping the deformation 12 5.1 Turning on a G_3 flux in the deformed cone over Y^{p,q} 12 5.2 Other forms 14 5.3 The warp factor 16 5.3.1 D3 branes on the deformation 16 5.3.2 D3 branes and fractional D3 branes 17

A. Gravitational perturbation theory 18

B. Explicit derivation of Ω_3 19

1. Introduction and summary

One of the most promising elements of the AdS/CFT correspondence is the possibility of providing an alternative method of studying aspects of confining theories. Unfortunately, there are but a few smooth supergravity backgrounds potentially dual to confining N = 1 SYM.

Recently, a new class of Sasaki-Einstein manifolds Y^{p,q} has been constructed [1, 2]. Given a Sasaki-Einstein manifold X^5 one can consider a stack of N D3 branes at the tip of the cone over X^5. Taking the Maldacena limit leads to a duality between string theory on AdS_5 × X^5 and a superconformal gauge theory living in the world volume of the D3 branes. In this context the infinite family of spaces Y^{p,q} was shown to be dual to superconformal quiver gauge theories [3, 4]. Remarkably, the correspondence has provided a better treatment of some of the gauge theory questions. In particular, the irrational nature of some R-charges has been elucidated in the field theory using gravity input [3, 5].

Since Y^{p,q} spaces are generalizations of T^{1,1} one naturally wonders about the possibility

– 1 – of further generalizing these spaces in a way that parallels the program carried by Klebanov and collaborators for the conifold [6, 7]. In fact, the first step in this direction has already been taken in a recent collaboration including Klebanov [8]. The pinnacle of Klebanov’s program is the Klebanov-Strassler (KS) background [7], which is a smooth supergravity solution constructed as a warped deformed conifold.

In this paper we take a step in the construction of generalizations of the KS background. Namely, we construct a first order deformation of the complex structure of the cone over Y^{p,q}. This deformation should lead, upon warping, to a supergravity background describing the IR of the recently constructed cascading solution [8] on the cone over Y^{p,q}.

One important motivation for this work is that the existence of a supergravity background allows for explicit computation of some dynamical quantities, like the spectrum of various states including mesons, quantum corrections to Regge trajectories and possibly Goldstone bosons.

In section 2 we review some of the key aspects of the Y^{p,q} spaces and their dual quiver gauge theories. Our aim is to set up the notation and technical motivation for later sections. In particular, we address various technical aspects as the supergravity realization of chiral symmetry breaking and the algebra of vielbeins. In section 3, after recalling the general theory of deformation of CY spaces from the differential geometric point of view, we present the first order deformation for the cone over Y^{p,q}. This is the main technical result of the paper. Section 3 also contains the result of explicitly checking that the deformation is supersymmetric. This guarantees that the deformation has SU(3) holonomy and that indeed corresponds to a complex Kähler manifold. Section 4 reviews the complex coordinates introduced for the cone over Y^{p,q} in [3] with the aim of classifying the deformation. We show that it corresponds to a deformation of the complex structure. Moreover, in this section we find the Kähler potential for the cone over Y^{p,q}, knowing the Kähler potential opens a new venue for understanding deformations of these CY spaces. Section 5 discusses placing a stack of N D3 and M fractional D3 branes at the tip of the deformed space. Since we only know the deformation of the space to first order, our analysis is approximate. The main technical result in this section is the explicit construction of the imaginary self dual 3-form in the deformed space. This implies that to first order there is a supergravity background that should correspond to the chiral symmetry broken phase of the cascading Sasaki-Einstein quivers discussed in [8].

Let us end this section with some comments on open questions that we were not able to answer in this work. The most glaring question is the existence of a solution beyond first order. Our paper follows a strictly differential geometric approach to the deformation. Another unexplored venue is the algebraic approach. Namely, the complex deformation for the conifold is fairly simple from the algebraic standpoint. Given the defining equation �_4

a=1 w^2_a = 0, we simply need to replace it by

�_4 a=1 w^2_a = ϵ^2. There are various questions that the algebraic approach answers immediately. For example, chiral symmetry breaking is nothing but the breaking of the U(1) symmetry that rotates the coordinates w_a in the undeformed space. In this paper we followed exclusively the differential geometric approach but we hope to discuss the algebraic one in the future. Finally, chiral symmetry breaking can also be explored along the lines of [9, 10].

– 2 –

Note Added

After the first version of this work appeared in the archive, a series of papers addressing the complex deformation from the field theory side have given arguments in favor of supersymmetry breaking [11]. We also became aware of work by Altmann [12] who shows the existence of an obtruction for finding the complex deformations beyond first order. It is worth mentioning that while these works make a case for obstruction to a solution built around a complex deformation of the corresponding cone over Y^{p,q} it is plausible that the full solution is supersymmetric albeit with SU(3)-structure rather than SU(3) holonomy as is the case for the baryonic branch of the KS solutions as discussed in [13].

2. Review of superconformal quiver theories and their dual AdS_5 × Y^{p,q} backgrounds

The gauge theory dual to IIB on AdS_5 × Y^{p,q} has been the subject of much recent investigation. Here we begin with a summary of some of the key aspects of the quiver gauge theories with Y^{p,q} duals, as explained in ref. [4].

The quivers for Y^{p,q} can be constructed starting with the quiver of Y^{p,p} which is naturally related to the quiver theory obtained from C^3/Z_{2p}. The gauge group is SU(N)^{2p} and the superpotential is constructed out of cubic and quartic terms in the four types of fields present: U, V, Y and Z, where U and V are doublets of SU(2):

ϵ_{αβ} U^α_a V^β Y , ϵ_{αβ} U^α_b V^β Y , ϵ_{αβ} ZU^α_a Y U^β_b . (2.1)

Greek indices α, β = 1, 2 are in SU(2), and Latin subindices a, b refer to the gauge group where the corresponding arrow originates. Equivalently, as explained in [8], the quiver theory for Y^{p,q} can be constructed from two basic cells denoted by σ and τ. Some concrete examples can be found in [4, 8].

One key ingredient is that the geometric realization of the R-symmetry is given by a Killing vector field in the Sasaki-Einstein geometry of the form K = 1 3 ∂ ∂ψ , (2.2)

where the geometrical meaning of the coordinates ψ and α will become apparent momentarily. Breaking the R-symmetry is our main goal, and it translates into constructing a supergravity background without (2.2) as a Killing vector.

2.1 The cone over Y^{p,q}

Before turning on any deformations, we highlight the structure of the cone over Y^{p,q}, emphasizing its similarities with the conifold, which is the cone over T^{1,1}. This connection motivates our later Ansatz for the deformation.

– 3 –

Following [2, 3], the Sasaki-Einstein metric on Y^{p,q} can be written in the form

ds^2 =

1 − cy 6 (dθ^2 + sin^2θdϕ^2) + 1 w(y)v(y) dy^2 + w(y)v(y) 36 (dβ − c cos θdϕ)^2 + + 1 9 [dψ + cos θdϕ + y(dβ − c cos θdϕ)]^2 (2.3) = 1 6 [(e^θ)^2 + (e^ϕ )^2 + (e^y)^2 + (e^β )^2] + 1 9 (e^ψ )^2 , (2.4)

where w(y) =

2(a − y^2) 1 − cy

, v(y) = a − 3y^2 + 2cy^3 a − y^2

. (2.5)

The natural one forms are given by [8, 15]

e^θ = � 1 − cy dθ , e^ϕ = − � 1 − cy sin θdϕ , e^y = − 1 H(y) dy, e^β = H(y)(dβ − c cos θdϕ) , e^ψ = dψ + cos θdϕ + y(dβ − c cos θdϕ) , (2.6)

with H(y) = � w(y)v(y)/6.

Before proceeding, it would be convenient to develop the algebra of exterior derivatives. For this purpose, let L(y, θ) =^{cot θ√}_{1−cy} and K(y) =^{cH(y)}_{2(1−cy)} . Then^{dH(y)}_{dy} = K(y) −^y_{H(y)} . The exterior derivatives of the above forms then satisfy

de^θ = K(y)e^y ∧ e^θ , de^ϕ = K(y)e^y ∧ e^ϕ + L(y, θ)e^θ ∧ e^ϕ , de^y = 0 , de^β = � y H(y)

− K(y) � e^y ∧ e^β − 2K(y)e^θ ∧ e^ϕ ,

de^ψ = e^θ ∧ e^ϕ − e^y ∧ e^β . (2.7)

At various stages in the construction, we will refer to the model of the deformed conifold. In particular, it is worth noting that the above definitions reduce to those in [7] describing T^{1,1} in the limit [2]

c → 0 , y → cos θ_2 , a → 3 and β → ϕ_2 . (2.8)

Following the discussion of [7] (see also [14]), one can further define the rotated and shifted vielbeins e^1, e^2, . . . , e^5 and g^1, g^2, . . . , g^5 as

e^1 = −e^β , e^3 = − cos ψe^ϕ − sin ψe^θ , e^5 = e^ψ , e^2 = e^y , e^4 = − sin ψe^ϕ + cos ψe^θ , (2.9)

– 4 – and g^1 = 1 √ 2 (e^1 − e^3) , g^3 = 1 √ 2 (e^1 + e^3), g^5 = e^5.

g^2 = 1 √ 2 (e^2 − e^4) , g^4 = 1 √ 2 (e^2 + e^4) , (2.10)

Note that, if desired, one could instead have defined ẽ^1, ẽ^2, . . . , ẽ^5 as

ẽ^1 = e^ϕ , ẽ^3 = cos ψe^β − sin ψe^y , ẽ^5 = e^ψ .

ẽ^2 = e^θ , ẽ^4 = sin ψe^β + cos ψe^y , (2.11)

The corresponding g̃^1, g̃^2, ..., g̃^5 would then be defined in a similar fashion as in (2.10) with e^i replaced by ẽ^i for i = 1, 2, . . . , 5. One should note, however, that the ẽ^i are physically indistinct from the e^i in the T^{1,1} limit (2.8). They are distinct when c ≠ 0, and so we may expect that they could play a rôle in deforming the cone over Y^{p,q}. We will nevertheless show that the first order deformation given in terms of the ẽ^i is no different than that given in terms of the e^i.

Although the angular coordinate ψ appears explicitly in the the above one forms, the metric remains ψ independent. As we will see in the next section, the perturbed solution will break this symmetry direction in an analogous way to the solution of [7].

3. The first order complex deformation

We now briefly review the deformation theory of CY spaces following the presentation of [16]. Let the parameter space of Calabi-Yau manifolds be the parameter space of Ricciflat Kähler metrics, and let g_{mn} and g_{mn} + δg_{mn} satisfy

R_{mn}(g) = 0, R_{mn}(g + δg) = 0 . (3.1)

Then, with the coordinate condition ∇^nδg_{mn} = 0, one obtains that δg_{mn} satisfies the Lichnerowicz equation ∇^k∇_kδg_{mn} + 2R_m^p_n^qδg_{pq} = 0 . (3.2)

The connection between the geometro-differential approach and the algebraic approach to deforming a CY space arises due to an isomorphism between the solutions of (3.2) and harmonic forms on CY. Namely, a solution with mixed indices is associated with a (1, 1)- form iδg_{μν̄} dx^μ ∧ dx^{ν̄} , (3.3)

which is harmonic if and only if the variation of the metric satisfies the Lichnerowicz equation, (3.2). Similarly, for a variation of pure type, one can associate a (2, 1)-form using the holomorphic 3-form Ω:

Ω_{κλ}^{ν̄} δg_{μ̄ν̄} dx^κ ∧ dx^λ ∧ dx^{μ̄} . (3.4)

This form is harmonic if and only if δg_{μ̄ν̄} satisfies (3.2).

– 5 –

With these isomorphisms in place we can classify a deformation as either Kähler or complex. In particular, variations of pure type (there are b_{2,1} of them) correspond to variations of the complex structure. Note that g + δg is a Kähler metric on a manifold close to the original one. There must therefore exist a coordinate system in which the pure parts of the metric vanish. Under a change of coordinates x^m → x^m + f^m(x), the metric variation transforms according to the familiar

δg_{mn} → δg_{mn} −

∂f^r ∂x^m g_{rn} −

∂f^r ∂x^n g_{mr} . (3.5)

If f^μ is holomorphic then δg_{μν} is invariant. Thus, the pure part of the variation could be removed by a transformation of coordinates but it cannot be removed by a holomorphic coordinate transformation. Thus the pure part of the metric variation corresponds precisely to changes of the complex structure.

3.1 First order perturbation We are now in a position to construct the first order deformation of the cone over Y^{p,q}. Using the one-forms of section 2, the undeformed metric is given by

ds^2 = dr^2 + r^2 � 1 6 � (e^1)^2 + (e^2)^2 + (e^3)^2 + (e^4)^2 � + 1 9 (e^5)^2 � . (3.6)

This has the same form as the conifold; however important nontrivial dependences on the coordinate y have been introduced through the definitions of the vielbeins e^i.

As mentioned above, most of our intuition for constructing a deformation of (3.6) comes from the analogous case of the deformed conifold. Here we recall that the deformed conifold metric can be written as follows [17]:

ds^2_{DC} = ϵ^{43}

K(τ) 3 � 1 3K^3 � 4 dτ^2 + (g^5)^2 � + cosh(τ)^2 � (g^3)^2 + (g^4)^2 � + + sinh(τ)^2 � (g^1)^2 + (g^2)^2 � � , (3.7)

where K(τ) =

2^{2/3}(sinh(4τ) − 4τ)^{1/3} 2 sinh(2τ)

. (3.8)

While the above is given in terms of a radial coordinate τ, a more natural coordinate for our analysis is given by r where r^3 = ϵ^2 cosh(2τ). Furthermore, to understand the first order deformation, is it also convenient to expand the metric for large r; more precisely, we expand in the dimensionless quantity ϵ^2/r^3. We find, up to second order in the deformation, that

ds^2_{DC(2)} = dr^2 + r^2 � 1 6 � (g^1)^2 + (g^2)^2 + (g^3)^2 + (g^4)^2 � + 1 9 (g^5)^2 � + + 1 6 r^2 � −(g^1)^2 − (g^2)^2 + (g^3)^2 + (g^4)^2

� ϵ^2 r^3 + + 1 3 � − 1 6 r^2[(g^3)^2 + (g^4)^2 + (g^1)^2 + (g^2)^2] + 2 � dr^2 + 1 9 (g^5)^2r^2 � × × � ln � 2r^3 ϵ^2 � − 1 � ϵ^4 r^6

+ dr^2 ϵ^4 r^6

+ · · · . (3.9)

– 6 –

The zeroth order term is of course the undeformed conifold metric itself. The first order (in ϵ^2) term should be a solution to the linearized Einstein’s equations, and so should be a zero mode of the Lichnerowicz operator (3.2). We make the simple observation that the first order contribution is transverse and traceless. The second order perturbation is “sourced” by the first order equations, and we have verified explicitly that the above system indeed satisfies the Ricci-flatness condition to second order.

We now turn our attention back to the cone over Y^{p,q}. We note that the combination −(g^1)^2 − (g^2)^2 + (g^3)^2 + (g^4)^2 showing up at first order in the above expansion is the same as 2(e^1e^3 + e^2e^4). This therefore suggests an Ansatz for a first order perturbation for the cone over Y^{p,q} of the form

ds^2_{(1)} = h_{mn}dx^mdx^n = f(y)r^2 � e^1e^3 + e^2e^4 � 3 ϵ^2 r^3

, (3.10)

where we have included a function of y because of the non trivial dependence of the Y^{p,q} metric on this coordinate. Inserting this Ansatz into the first order deformation equations, we find that f(y) must satisfy a first order ODE for it to be a zero mode (even though the Lichnerowicz operator is second order). The solution is simply

f(y) = 1 (1 − cy)^2

. (3.11)

We have dropped an arbitrary multiplicative factor (it only becomes important in the case of a fully non-perturbative solution). Note that the first order perturbation is again transverse and traceless.

Despite some effort, we have unfortunately not been able to satisfy the second order deformation equations using the first order contributions as a source. It is likely that, at second order, the deformation of the metric will non-trivially depend on both r and y coordinates in an inherently non-separable manner. Although we have no direct proof, this belief is supported by various unsuccessful attempts at separating the functional dependence on r and y in the spirit of the deformed conifold metric (3.9).

When constructing the one-forms e^i, we have introduced angular ψ dependence by “rotating” e^ϕ and e^θ together using ψ. As mentioned above, one could instead have mixed e^y and e^β . This, however, does not alter the first order perturbation (up to irrelevant minus signs). Hence the other mixing (2.11), while it is perhaps distinct non-perturbatively, is indistinct to lowest order in ϵ^2. This might signal another possible type of deformation, but we will not explore it here.

As mentioned above, the rotation between e^ϕ and e^θ introduces dependence on the coordinate ψ. This dependence on ψ disappears in the zeroth order metric because e^ϕ and e^θ always appear in the SU(2) invariant combination. However this is no longer true for the first order perturbation. This dependence on ψ is dual to chiral symmetry breaking in the gauge theory, and will be discussed more explicitly in section 5.3.1 below.

3.2 Supersymmetry of the perturbed solution Although the first order deformation was simply obtained by demanding Ricci-flatness to order ϵ^2, it turns out that it is in fact a complex deformation, at least to this order. To

– 7 – show this explicitly, we turn to the Killing spinor equation. In the absence of fluxes, the supersymmetry condition takes the form ∇λ = 0, with the resulting λ a parallel spinor.

However, instead of working with the Killing spinor equation directly, we focus on the integrability condition e^μ_a e^ν_b [∇_μ , ∇_ν ] λ = 1 4 R_{abcd}Γ^{cd}λ = 0 . (3.12)

Before obtaining the Riemann tensor in the tangent basis, we first make a convenient choice of vielbein. To do this, we note that we can absorb the first order term (3.10) into a shift of e^1 and e^2 according to

ds^2 = dr^2 + r^2 � 1 6 � (e^1 + δe^3)^2 + (e^2 + δe^4)^2 + (e^3)^2 + (e^4)^2 � + 1 9 (e^5)^2 � , (3.13)

where we have defined the quantity δ = ϵ^2 r^3(1 − cy)^2

. (3.14)

This introduces a shift to second order in ϵ^2, which however is unimportant as we will always work only to first order in ϵ^2. We now make a natural choice of shifted vielbeins

ê^6_{(s)} = dr , ê^1_{(s)} = r √ 6 � e^1 + δe^3 � , ê^2_{(s)} = r √ 6 � e^2 + δe^4 � , ê^3_{(s)} = r √ 6 e^3 , ê^4_{(s)} = r √ 6 e^4 , ê^5_{(s)} = r 3 e^5 . (3.15)

Using this shifted vielbein basis, we find that the integrability condition (3.12) is satisfied for spinors λ satisfying the simultaneous projections � 1 + Γ^{1256} � λ = 0 , � 1 − Γ^{1234} � λ = 0 . (3.16)

Writing out the SO(6) generators in the spinor representation as T^1 =^i_2 Γ^{12}, T^2 =^i_2 Γ^{34} and T^3 =^i_2 Γ^{56}, we see that parallel spinors have SO(6) weights (^1_2 , −^1_2 ,^1_2 ) or (−^1_2 ,^1_2 , −^1_2 ). Changing to an SU(4) basis with Cartan generators

H^1 = 1 2 (T^1 +T^2), H^2 = 1 4 √ 3 (−T^1 +T^2 +2T^3) , H^3 = 1 2 √ 6 (T^1 −T^2 +T^3) , (3.17)

we see that the parallel spinors are singlets of the SU(3) corresponding to H^1 and H^2. This is just the standard Calabi-Yau decomposition 4 → 3 + 1 under SU(4) ⊃ SU(3).

More explicitly, we have verified that the integrability condition (3.12) is satisfied at both zeroth and first order in ϵ^2 for the above projections. For example^1

R_{53ab}Γ^{ab} =

6ϵ^2 r^5(1 − cy)^2

Γ^{51} � 1 + Γ^{1256} � , R_{24ab}Γ^{ab} =

2(ac^2 − 1) r^2(1 − cy)^3

Γ^{31} � 1 − Γ^{1234} � + 3 √ 6H(y)ϵ^2c r^5(1 − cy)^3

Γ^{51} � 1 + Γ^{1256} � , (3.18)

which are clearly zero when applied to λ.

1All components have been computed in Maple. Details of the calculations are available upon request to the authors.

– 8 –

4. Complex coordinates and Kähler potential

Having given the first order deformation and shown that it is supersymmetric, we now proceed to its classification. As a first step, we review the complex coordinates introduced in [3] with some minor adjustments to fit the present conventions^2. The main new result of this section is an expression for the Kähler potential of the cone over Y^{p,q}.

We recall that ref. [3] obtained the complex coordinates for the cone over Sasaki- Einstein space. Let

η^1 = 1 sin θ dθ − idϕ ,

η̃^2 = − dy H(y)^2

− i(dβ − c cos θdϕ) ,

η̃^3 = 3dr r + i[dψ + cos θdϕ + y(dβ − c cos θdϕ)]. (4.1)

In terms of these coordinates, one can write the metric as

ds^2 = r^2

(1 − cy) 6 sin^2θη^1η^1 + r^2

H(y)^2 6 η̃^2η̃^2 + r^2 9 η̃^3η̃^3 . (4.2)

Unfortunately, η̃^2 and η̃^3 are not integrable. However, integrable one-forms can be obtained by taking linear combinations of them:

η^2 = η̃^2 + c cos θη^1 , η^3 = η̃^3 + cos θη^1 + yη̃^2 . (4.3)

In this case, η^i = dz_i/z_i for i = 1, 2, 3, where

z_1 = tan θ 2 e^{−iϕ} , (4.4)

z_2 =

(sin θ)^{2c} f_1(y) e^{−iβ} , (4.5)

z_3 = r^3 sin θ f_2(y) e^{iψ} , (4.6)

with f_1(y) = exp � � 1 H(y)^2 dy � , f_2(y) = exp � � y H(y)^2 dy � . (4.7)

As a check, we may take the limit to the conifold (2.8), in which case the z_i’s reduce to

z_1 → tan θ_1 2 e^{−iϕ} , z_2 → tan θ_2 2 e^{−iβ} , z_3 → r^3 sin θ_1 sin θ_2e^{iψ} , (4.8)

along with f_1 = cot(θ_2/2), f_2 = csc θ_2.

Returning to the Sasaki-Einstein case, note that (4.4) can be written as

sin θ = 2 √ z_1z̄_1 1 + z_1z̄_1

, (4.9)

2Note that we have taken ϕ → −ϕ with respect to [3].

– 9 – where bars denote complex conjugation. Therefore

∂ sin θ ∂z_1 = 1 2z_1 sin θ cos θ ,

∂ sin θ ∂z_2

= 0 ,

∂ sin θ ∂z_3

= 0 . (4.10)

From equation (4.5), an explicit expression for f_1(y) can be obtained:

f_1(y)^2 =

(sin θ)^{2c} z_2z̄_2

= σ . (4.11)

We are unable, however, to invert this equation to obtain an explicit expression of y in terms of σ. Nevertheless, the above equation suggests that if an explicit expression for y is possible, then the complex coordinates will enter into it only in the above combination denoted by σ. Moreover, y is independent of z_3 and its conjugate, i.e. ∂y/∂z_3 = ∂y/∂z̄_3 = 0.

For suitable values of y, the total derivative of y can be evaluated: dy dσ = ( dσ dy )^{−1} = wv 12f_1(y)^2

. (4.12)

This is possible because y can be viewed as a function of σ only. In turn, σ is a function of z_1, z_2 and their conjugates. One obtains ∂σ ∂z_1 = cσ z_1 cos θ . (4.13)

Then ∂y ∂z_1 = dy dσ ∂σ ∂z_1 = 1 z_1 wv 12 c cos θ . (4.14)

Similarly, other partial derivatives can be evaluated. One can write all of them more succinctly using coordinates u_i = ln z_i as ∂θ ∂u_1 = 1 2 sin θ , ∂θ ∂u_2

= 0 , ∂θ ∂u_3

= 0 , ∂θ ∂ū_i = ∂θ ∂u_i , ∂y ∂u_1 = wv 12 c cos θ , ∂y ∂u_2 = − wv 12 , ∂y ∂u_3

= 0 , ∂y ∂ū_i = ∂y ∂u_i , ∂r ∂u_1 = − r 6 (1 − cy) cos θ , ∂r ∂u_2 = − ry 6 , ∂r ∂u_3 = r 6 , ∂r ∂ū_i = ∂r ∂u_i . (4.15)

The metric can now be written in terms of the u_i as

ds^2 = � r^2

(1 − cy) 6 sin^2θ + r^2 wv 36 c^2cos^2θ + r^2 9 (1 − cy)^2cos^2θ � du_1dū_1 + + � r^2 wv 36 + r^2 9 y^2 � du_2dū_2 + r^2 9 du_3dū_3 + + � −r^2 wv 36 c cos θ + r^2 9 y(1 − cy) cos θ � (du_1dū_2 + dū_1du_2) − − r^2 9 y(du_2dū_3 + dū_2du_3) − r^2 9 (1 − cy) cos θ(du_1dū_3 + dū_1du_3) . (4.16)

– 10 –

The coordinate r in the limit (2.8) reduces to the coordinate ρ as used by [17] for the conifold. Recall that the Kähler potential in the conifold case is ρ^2. Here, one can show that the Kähler potential for the Sasaki-Einstein cone is r^2. For example,

∂_{u1} ∂_{ū 1} r^2 = ∂_{u1} � −2r r 6 (1 − cy) cos θ �

= − � 1 3 ∂r^2 ∂u_1

(1 − cy) cos θ + r^2 3 ∂(−cy) ∂u_1 cos θ + r^2 3 (1 − cy)

∂ cos θ ∂u_1 �

= r^2 9 (1 − cy)^2cos^2θ + r^2 wv 36 c^2cos^2θ + r^2 6 (1 − cy)sin^2θ , (4.17)

which matches with the (1, ¯1) component of the metric written in (4.16). The other components of the metric can be similarly obtained. Thus the relation g_{μν̄} = ∂_μ ∂_{ν̄} K holds for the Kähler potential K = r^2. This is an interesting result, and due to its simplicity it could provide alternative ways of understanding deformations and resolutions of the cone over Y^{p,q}. Similarly, the Kähler potential for the four-dimensional Kähler-Einstein base turns out to be^2_3 ln[(1 +^1_{z1z̄ 1} )f_2(y)].

4.1 First order perturbation in complex form

We now arrive at our goal of showing that the deformation obtained in the previous section is a complex deformation. Using the complex one-forms defined earlier, one obtains

− sin θη^1η̃^2 = 1 H(y)^2 dydθ + sin θdϕ(dβ − c cos θdϕ) + +i � dθ(dβ − c cos θdϕ) − 1 H(y)^2 dy sin θdϕ � . (4.18)

In terms of these complex coordinates, the metric perturbation can be written as

2(e^1e^3 + e^2e^4) = 2 � cos ψ(e^β e^ϕ + e^ye^θ) + sin ψ(e^θe^β − e^ye^ϕ ) �

= −2H(y) � 1 − cy � cos ψ Re(− sin θη^1η̃^2) + sin ψ Im(− sin θη^1η̃^2) � = H(y) � 1 − cy sin θ � e^{iψ} η^1η̃^2 + e^{−iψ} η̄^1¯η̃^2 � . (4.19)

The first order perturbation is of pure type. We note here that the η^1η̃^2 part is by itself a zero mode of the Lichnerowicz operator. Since the holomorphic (3,0)-form for the Sasaki- Einstein cone is known [3], a complex closed h_{2,1} form can be constructed,

h_{(2,1)} = − 1 18 ϵ^2 (1 − cy)^2 � H^2du^2 ∧ du^3 ∧ dū^2 + sin^2θ(1 − cy)du^3 ∧ du^1 ∧ dū^1 +

+ cH^2cosθdu^3 ∧ du^1 ∧ dū^2 + + y(1 − cy)sin^2θdu^1 ∧ du^2 ∧ dū^1 + + H^2 cos θdu^1 ∧ du^2 ∧ dū^2 � . (4.20)

– 11 –

5. Warping the deformation

The general form of the solution we are seeking in this section has been explained in [8]. The main difference is that instead of warping the cone over Y^{p,q} we need to warp the deformation of the cone. The solution contains a nontrivial F_5 representing the flux left by the D3 branes after the transition and G_3 which is the implication of considering fractional D3 branes, that is, D5 branes wrapping a 2-cycle inside the deformed cone. Thus the full IIB solution is given in terms of the fields

ds^2 = h^{−1/2} η_{μν} dx^μ dx^ν + h^{1/2}ds^2_6 , ds^2_6 = dr^2 + r^2 � (e^1_{(s)})^2 + (e^2_{(s)})^2 + (e^3_{(s)})^2 + (e^4_{(s)})^2 + (e^5_{(s)})^2 � , F_5 = (1 + ∗)F_5 = (1 + ∗)dh^{−1} ∧ dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 ,

G_3 = −F_3 + i g_s

H_3 = iMΩ_3 . (5.1)

The shifted vielbein basis is given above in section 3.2. Given this general form of the solution, our goal is to find the explicit form of h(r, y) and Ω_3. Furthermore, in the case when the deformation is zero, we expect to recover the solution of [8].

5.1 Turning on a G_3 flux in the deformed cone over Y^{p,q}

In this section we search for an appropriate complex G_3 which may be turned on in the deformed Sasaki-Einstein cone. To have a supersymmetric solution we would need G_3 to be a (2, 1) form [18]. However, we will not address the Dolbeault decomposition of G_3 directly. Rather, we will simply concentrate on finding a solution to the equations of motion with constant dilaton field. The constancy of the dilaton is readily satisfied by an imaginary self dual complex 3-form G_3. We thus consider G_3 to be proportional to an imaginary self dual 3-form Ω_3, namely ∗_6Ω_3 = iΩ_3 . (5.2)

To assist in taking the Hodge dual while at the same time keeping the radial coordinate dependence explicit, we use a set of shifted vielbeins

e^6_{(s)} = dr, e^1_{(s)} = � e^1 + δe^3 � , e^2_{(s)} = � e^2 + δe^4 � , e^3_{(s)} = e^3, e^4_{(s)} = e^4 , e^5_{(s)} = e^5 , (5.3)

which resemble the choice of (3.15), but with r-dependence (and some factors) removed.

In this shifted vielbein basis, the most general Ansatz for an imaginary self dual Ω_3 may be written as

Ω_{(3)} = � dr r + i e^5 3 � ∧ � α_1 � e^1_{(s)} ∧ e^2_{(s)} + e^3_{(s)} ∧ e^4_{(s)} � + α_2 � e^1_{(s)} ∧ e^4_{(s)} + e^2_{(s)} ∧ e^3_{(s)} � + +iα_3 � e^1_{(s)} ∧ e^3_{(s)} − e^2_{(s)} ∧ e^4_{(s)} � �

+ � e^5 3 + i dr r � ∧ � iβ_1 � e^1_{(s)} ∧ e^2_{(s)} − e^3_{(s)} ∧ e^4_{(s)} � + iβ_2 � e^1_{(s)} ∧ e^4_{(s)} − e^2_{(s)} ∧ e^3_{(s)} � +

– 12 –

+ β_3 � e^1_{(s)} ∧ e^3_{(s)} + e^2_{(s)} ∧ e^4_{(s)} � � + +iλ_1 � dr r ∧ e^5_{(s)} 3 ∧ e^1_{(s)} + i 6 e^2_{(s)} ∧ e^3_{(s)} ∧ e^4_{(s)} � + +λ_2 � dr r ∧ e^5_{(s)} 3 ∧ e^2_{(s)} − i 6 e^1_{(s)} ∧ e^3_{(s)} ∧ e^4_{(s)} � + +iλ_3 � dr r ∧ e^5_{(s)} 3 ∧ e^3_{(s)} + i 6 e^1_{(s)} ∧ e^2_{(s)} ∧ e^4_{(s)} � + +λ_4 � dr r ∧ e^5_{(s)} 3 ∧ e^4_{(s)} − i 6 e^1_{(s)} ∧ e^2_{(s)} ∧ e^3_{(s)} � , (5.4)

where the ten functions α_i, β_i, λ_i are general (possibly complex) functions. The factors of i in front of some of these functions are chosen for later convenience. We, however, restrict to the case when these functions depend only on r and y.

Our goal now is to expand the above equations in δ, that is in powers of ϵ^2/r^3, and then to require Ω_{(3)} to be closed. For this purpose we note that the algebra of the exterior derivative d acting on the basis e^i is

de^1 = − � y H − K � e^1 ∧ e^2 + 2Ke^3 ∧ e^4 ,

de^2 = 0 , de^3 = −e^5 ∧ e^4 + Ke^2 ∧ e^3 − y H e^1 ∧ e^4 ,

de^4 = e^5 ∧ e^3 + Ke^2 ∧ e^4 + y H e^1 ∧ e^3 ,

de^5 = −e^1 ∧ e^2 + e^3 ∧ e^4 , (5.5)

This follows directly from (2.7) and (2.9). We find that taking the exterior derivative of Ω_3 produces 14 out of 15 possible terms. To simplify matters we assume that we are looking for a solution that becomes that of [8] in the ϵ → 0 limit, and so we may take that all functions except α_1 are of order ϵ^2 already. This allows us to drop certain ϵ^4 terms. The actual computation is straightforward but quite involved, and we present some of the partial results in appendix B. The most important result is that such an imaginary self dual 3-form can be constructed explicitly, resulting in

Ω_3 = � dr r + i e^5_{(s)} 3 � ∧ � 3 2 1 (1 − cy)^2

(e^1_{(s)} ∧ e^2_{(s)} + e^3_{(s)} ∧ e^4_{(s)}) +

+ α_2(r, y)(e^1_{(s)} ∧ e^4_{(s)} + e^2_{(s)} ∧ e^3_{(s)}) +

+ iα_3(r, y)(e^1_{(s)} ∧ e^3_{(s)} − e^2_{(s)} ∧ e^4_{(s)}) � + +b_1(r, y) � e^5_{(s)} 3 + i dr r � ∧ � (e^1_{(s)} ∧ e^3_{(s)} + e^2_{(s)} ∧ e^4_{(s)}) + i(e^1_{(s)} ∧ e^4_{(s)} − e^2_{(s)} ∧ e^3_{(s)}) � +

+il_2(r, y)(e^3_{(s)} + ie^4_{(s)}) ∧ � dr r ∧ e^5_{(s)} 3 + 1 6 e^1_{(s)} ∧ e^2_{(s)} � , (5.6)

– 13 – where

α_2(r, y) = 3 4 ϵ^2 r^3 � 1 − 1 (1 − cy)^4 � + + 3 4 ϵ^2 r^3 1 c^2Q(y) � (1 − ac^2) � 1 (1 − cy)^4 − 1 � − 9 (1 − cy)^2 + 11 1 − cy + + 4 − 6(1 − cy) − 3(1 − cy)^2 + 3(1 − cy)^3 � , (5.7)

α_3(r, y) = − 3 4 ϵ^2 r^3 � 1 − 1 (1 − cy)^4 � + + 3 4 ϵ^2 r^3 1 c^2Q(y) � (1 − ac^2) � 1 (1 − cy)^4 − 1 � − 3 (1 − cy)^2 + 5 1 − cy − − 8 + 6(1 − cy) + 3(1 − cy)^2 − 3(1 − cy)^3 � , (5.8)

b_1(r, y) = 3 2 ϵ^2 r^3 � ln 2r^3 ϵ^2

− 4 + 3 (1 − ac^2)(1 − cy) + + c 2(1 − ac^2) 3� i=1 (a + 2acy_i + (1 − ac^2)y^2_i ) y_i(1 − cy_i) ln(|y − y_i|) � ,

l_2(r, y) = 9 2 ϵ^2 r^3 1 cH(1 − cy) � (1 − cy) − 1 (1 − cy)

�_2

. (5.9)

Here Q(y) = a − 3y^2 + 2cy^3 and y_i are the three roots resulting from Q(y) = 0.

In the absence of a deformation (δ = ϵ = 0) the above reduces to the simple result for Ω_{(3)} given by [8]

α_1(y) = 3 2(1 − cy)^2

. (5.10)

Moreover, in the limit of [8] Ω_{(3)} is a (2, 1) form, a fact that can be established using the complex coordinates of [3] as reviewed in section 4. Another interesting case, c = 0 (when K = 0) is the KS [7] solution with

α_1 → 3 2 , β_2 = β_3 → 3 2 ϵ^2 r^3 � ln � 2r^3 ϵ^2 � − 1 � , (5.11)

and all other functions set to zero. For the KS solution the corresponding Ω_3 is also (2,1). In both of the above limiting cases, the fact that they are (2, 1) guarantees that the solution is supersymmetric. We have not addressed the question of the precise Dolbeault decomposition of our Ω_3; however we hope to return to this question in the future.

5.2 Other forms

By comparing the imaginary self dual 3-form obtained above with the Klebanov-Strassler solution [7] and the Herzog, Ejaz and Klebanov solution [8], we may extract the NS-NS 3-form flux H_3 and the R-R form F_3 from the real and imaginary parts of Ω_3. We find

– 14 –

F_3 M = α_1(y) � e^1_{(s)} ∧ e^2_{(s)} ∧ e^5_{(s)} 3 + e^3_{(s)} ∧ e^4_{(s)} ∧ e^5_{(s)} 3 � + +[α_2(r, y) + b_1(r, y)]e^1_{(s)} ∧ e^4_{(s)} ∧ e^5_{(s)} 3 + [α_2(r, y) − b_1(r, y)]e^2_{(s)} ∧ e^3_{(s)} ∧ e^5_{(s)} 3 + +[α_3(r, y) + b_1(r, y)]e^1_{(s)} ∧ e^3_{(s)} ∧ dr r + [−α_3(r, y) + b_1(r, y)]e^2_{(s)} ∧ e^4_{(s)} ∧ dr r − −l_2(r, y)e^3_{(s)} ∧ e^5_{(s)} 3 ∧ dr r + 1 6 l_2(r, y)e^1_{(s)} ∧ e^2_{(s)} ∧ e^3_{(s)} , (5.12) H_3 g_sM

= α_1(y) � e^1_{(s)} ∧ e^2_{(s)} ∧ dr r + e^3_{(s)} ∧ e^4_{(s)} ∧ dr r � + +[α_2(r, y) − b_1(r, y)]e^1_{(s)} ∧ e^4_{(s)} ∧ dr r + [α_2(r, y) + b_1(r, y)]e^2_{(s)} ∧ e^3_{(s)} ∧ dr r + +[−α_3(r, y) + b_1(r, y)]e^1_{(s)} ∧ e^3_{(s)} ∧ e^5_{(s)} 3 + [α_3(r, y) + b_1(r, y)]e^2_{(s)} ∧ e^4_{(s)} ∧ e^5_{(s)} 3 + +l_2(r, y)e^4_{(s)} ∧ e^5_{(s)} 3 ∧ dr r − 1 6 l_2(r, y)e^1_{(s)} ∧ e^2_{(s)} ∧ e^4_{(s)} . (5.13)

The NS-NS 3-form flux can be derived from a potential H_3 = dB_2 where

B_2 g_sM

= f(r, y)[e^1_{(s)} ∧ e^2_{(s)} + e^3_{(s)} ∧ e^4_{(s)}] + + � − 1 3 α_3(r, y) + 1 3 b_1(r, y) − δf(r, y) � e^1_{(s)} ∧ e^4_{(s)} + + � − 1 3 α_3(r, y) − 1 3 b_1(r, y) + δf(r, y) � e^2_{(s)} ∧ e^3_{(s)} + 1 3 l_2(r, y)e^3_{(s)} ∧ dr r , (5.14)

with f(r, y) = 1 2 1 (1 − cy)^2 � ln � 2r^3 ϵ^2 � − 1 � . (5.15)

If we take the limit (2.8), then only the term proportional to f(r, y) survives. This is in agreement with the Klebanov-Strassler expression for B_2 expanded to first order in ϵ^2, which is B_2 g_sM = 1 2 � ln � 2r^3 ϵ^2 � − 1 � � e^1_{(s)} ∧ e^2_{(s)} + e^3_{(s)} ∧ e^4_{(s)} � + O(ϵ^4). (5.16)

Due to self duality of the complex 3-form, the dilaton field is constant, ϕ = 0. Since F_{3 μνρ} H_3^{μνρ} = 0, the axion vanishes as well. The five-form flux is

F_5 = F_5 + ∗F_5 , F_5 = B_2 ∧ F_3 , 1 g_sM^2

F_5 = 2 3 f(r, y)α_1(y)e^1_{(s)} ∧ e^2_{(s)} ∧ e^3_{(s)} ∧ e^4_{(s)} ∧ e^5_{(s)} − − l_2(r, y) 6(1 − cy)^2 ln � 2r^3 ϵ^2 � e^1_{(s)} ∧ e^2_{(s)} ∧ e^3_{(s)} ∧ e^5_{(s)} ∧ dr r + O(ϵ^4) . (5.17)

The effect of the inhomogenous metric is reflected in the five-form at first order in ϵ^2.

– 15 –

5.3 The warp factor The equation for the warp factor can be extracted from the F_5 equation of motion

dF_5 = H_3 ∧ F_3 . (5.18)

The form of F_5 from (5.1) implies that

d ∗ dh^{−1} ∧ dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 = H_3 ∧ F_3 , (5.19)

where

∗F_5 = ∗dh^{−1} ∧ dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3

= −r^5h^′ e^1_{(s)} ∧ e^2_{(s)} ∧ e^3_{(s)} ∧ e^4_{(s)} ∧ e^5_{(s)} + r^3ḣH(y) e^r ∧ e^1_{(s)} ∧ e^3_{(s)} ∧ e^4_{(s)} ∧ e^5_{(s)} − −r^3ḣH(y) δ e^r ∧ e^1_{(s)} ∧ e^2_{(s)} ∧ e^3_{(s)} ∧ e^5_{(s)} , (5.20)

where in the last equation we used the fact that dy = −H(y) � e^2_{(s)} − δ e^4_{(s)} � . 5.3.1 D3 branes on the deformation We consider first the simple case where there are no fractional D3 branes, that is, the case of zero three-form flux. The above equations simplify schematically to the familiar

∇^2h = 1 √ g ∂_m ( √ gg^{mn}∂_nh) = δ(⃗x) . (5.21)

The first order perturbation is traceless, implying that the first order correction to det g is zero. Further, if we take that the D3 branes are at the tip of the cone, the zeroth order harmonic function is simply A + B/r^4. The metric perturbation has no r indices, and so the resulting expansion in ϵ^2 of the above equation trivially yields

∇^2h_1 = 0 , (5.22)

where h_1 is the ϵ^2 correction of h. The first order correction to the harmonic function can therefore be set to 0 consistently.

Given this fact, taking the usual limit N → ∞, with g_sN fixed gives the following geometry ds^2 = R^2 � ds^2_{AdS5} + ds^2_Y p,q + ϵ^2 r^3 � � e^1e^3 + e^2e^4 � 3(1 − cy)^2 � . (5.23)

As we mentioned before, this deformation of the solution corresponds to chiral symmetry breaking. To see this, note that the vector ∂/∂ψ is no longer a Killing vector for the perturbed metric. The new metric therefore also breaks the U(1)_R symmetry (of the gauge theory) associated with (2.2) [4] 3 ∂ ∂ψ − 1 2 ∂ ∂α , (5.24)

– 16 – and so chiral symmetry has been broken. Let us see this argument using standard AdS/CFT arguments. To a supergravity deformation of the form

ar^{Δ−4} + br^{−Δ} , (5.25)

corresponds a field theory deformation by an operator O such that

H → H + aO , ⟨O⟩ = b . (5.26)

Applying this to our situation, we have a deformation that goes as

ϵ^2 r^{−3} , (5.27)

which implies an expectation value for a dimension-3 operator which should be of the form

⟨Ψ̄Ψ⟩ = ϵ^2 . (5.28)

Thus the gauge theory living in the worldvolume of a stack of D3 branes at the tip of the complex deformation of the cone over Y^{p,q} corresponds to placing the superconformal quiver gauge theory in a different vacuum where the operator Ψ̄Ψ has a nonzero vacuum expectation value.

5.3.2 D3 branes and fractional D3 branes The problem of solving for the warp factor in the presence of fractional D3 branes on B^{p,q} was addressed in [8]. We will take their solution as the zeroth order in epsilon term (as our solution collapses to theirs in the ϵ → 0 limit). Curiously, their solution remains unperturbed, as will be shown here. First, consider the resulting equation for h,

−∇^2_{(6)}h = 1 6 |H_3|^2 . (5.29)

Next, note that in the first order deformed solution none of the indices (in vielbein basis) on the O(ϵ^2) terms agree with those of the O(ϵ^0) term. The basis is diagonal, and so the zeroth order term with indices contracted with the first order term vanishes. Therefore, there are no O(ϵ^2) source terms on the right hand side of the above equation. As before, the zeroth order solution takes care of the right hand side, leaving us with only the first order equation 1 √ g ∂_m [ √ gg^{mn}∂_nh_1(r, y)] = 1 √ g ∂_m [ √ gh^{mn}∂_nh_0(r, y)] , (5.30)

where we read the right hand side of the equation as being a source term. Without the fractional D3 branes, the source had vanished because h_0 only depended on r, and h^{mn} has no r indices. However, now h_0 depends both on r and y. Interestingly, however, the right hand side still vanishes because

√ gh^{my}∂_yh_0(r, y) = ϵ^2 √ 3 54Q(y)^{1/2}

� � � � � �

0 − cos(ψ) ḣ_0(r, y) sin(θ)

− sin(ψ) ḣ_0(r, y) 0 −c cos(θ) sin(ψ) ḣ_0(r, y) cos(θ) sin(ψ) ḣ_0(r, y)

� � � � � � , (5.31)

– 17 – where this has been written in [r, θ, ϕ, y, β, ψ] order. The divergence of this quantity obviously vanishes, with the first non-zero and last non-zero terms canceling after the appropriate derivatives are taken. Thus, again, we may consistently set the first order perturbation to the warp factor to be zero because the source term is absent.

Acknowledgments

We are especially grateful to S. Franco for various comments and discussions on topics related to this work. We have enjoyed comments by C. Núñez, J. Sonnenschein and D. Vaman. This work is supported by the US Department of Energy under grant DE-FG02-95ER40899.

A. Gravitational perturbation theory

In section 3, we have relied heavily on linearized gravity. We simply note here the equations to second order. First, we write the metric perturbed to second order

g̃_{mn} =^0g_{mn} +^1h_{mn} +^2h_{mn} , (A.1)

where the pre-superscripts denote the order of the perturbation. Given the above decomposition, the following expressions are valid to second order

g̃^{ab} =^0g^{ab} −^1h^{ab} −^2h^{ab} +^1h^a_c^1h^{cb} , Γ̃^a_{bc} =^0Γ^a_{bc} +^1Γ^a_{bc} +^2Γ^a_{bc} +^{(1,1)}Γ^a_{bc} , R̃^a_{bcd} =^0R^a_{bcd} +^1Γ^a_{bd;c} −^1Γ^a_{bc;d} +^2Γ^a_{bd;c} −^2Γ^a_{bc;d} +^{(1,1)}Γ^a_{bd;c} −^{(1,1)}Γ^a_{bc;d} +

+^1Γ^a_{ec}^1Γ^e_{bd} −^1Γ^a_{ed}^1Γ^e_{bc} . (A.2)

We have defined the convenient quantities

1Γ^a_{bc} = 1 2 �_1 h^a_{b;c} +^1h^a_{c;b} −^1h^{;a}_{bc} � , 2Γ^a_{bc} = 1 2 �_2 h^a_{b;c} +^2h^a_{c;b} −^2h^{;a}_{bc} � , (1,1)Γ a

bc = − 1 2 1h^{ad}

�_1

h_{db;c} +^1h_{dc;b} −^1h_{bc;d} � . (A.3)

In all of the above equations^0g^{ab} is used to raise and lower indices, and to construct the Christoffel symbols used in the covariant derivatives. Constructing Einstein’s equations to second order is now trivial. For the purposes of this paper, all first order perturbations are transverse, traceless and are zero modes of the Lichnerowicz operator. In addition, the background is Ricci flat. This greatly simplifies the linearized Einstein’s equations, and they become 1 2 �_2 h^a_{b;d;a} +^2h^a_{d;b;a} −^2h^{;a}_{bd;a} −^2(h^a)_{;b;d} � = 1 2 �_1

h^{ac}

�_1

h_{cb;d;a} +^1h_{cd;b;a} −^1h_{bd;c;a} −^1h_{ac;b;d} � − − 1 4 1h^{ac}_{;d}^1h_{ac;b} − − 1 2 �_1

h_{da;c}^1h^{ba;c}_b −^1h_{da;c}^1h^{bc;a}_b � . (A.4)

– 18 –

We may read this as the second order term being sourced by the first order term. In addition, we may perform a simple check of the above equation. In the case when^1h is zero, the leading contribution to the metric is^2h. Therefore, what we have done should collapse to “leading order” perturbation theory. This is indeed the case, as we can see the Lichnerowicz operator acting on^2h on the left hand side of the equation.

B. Explicit derivation of Ω_3

Since one of the main results supporting the existence of a chiral symmetry broken phase for the cascading quiver theory relies on the existence of the imaginary self dual 3-form G_3, we present the details of its derivation below. In particular, we strive to make clear the assumptions that go into solving the system.

Imposing dΩ_3 = 0 , (B.1)

where Ω_3 is given in (5.4) results in the following system of equations for the ten quantities α_i, β_i, λ_i:

1. rα^′_1 + rβ^′_1 + Hλ̇_1 − λ_1 � y H − K � = 0 ,

2. −rα^′_3 − 3δα_1 − 3α_2 + rβ^′_3 + 3β_2 + y H λ_4 = 0 ,

3. δ (rα^′_1 − 3α_1) + rα^′_2 + 3α_3 + rβ^′_2 + 3β_3 − y H λ_3 = 0 ,

4. −δ (rα^′_1 − 3α_1) + rα^′_2 + 3α_3 − rβ^′_2 − 3β_3 − H λ̇_3 + Kλ_3 = 0 ,

5. rα^′_3 − 3δα_1 + 3α_2 + rβ^′_3 + 3β_2 − H λ̇_4 + Kλ_4 = 0 ,

6. rα^′_1 − rβ^′_1 + 2Kλ_1 = 0 ,

7. −Hα̇_3 + 2 y H α_3 − H β̇_3 + 1 3 λ_3 − 1 6 rλ^′_4 = 0 ,

8. −Hα̇_1δ − 4Kδα_1 − Hα̇_2 + 2 y H α_2 + Hβ̇_2 − 1 6 rλ^′_3 + 1 3 λ_4 = 0 ,

9. −Hα̇_1 + 4Kα_1 − H β̇_1 + 1 6 rλ^′_1 + 1 3 λ_2 = 0 ,

10. Hα̇_3 − 2 y H α_3 − H β̇_3 − 1 2 λ_3 = 0 ,

11. −Hα̇_1δ − 4Kδα_1 − Hα̇_2 + 2^y_H α_2 − H β̇_2 +^1_2 λ_4 = 0 ,

12. −Hα̇_1 + 4Kα_1 + Hβ̇_1 = 0 , 13. 2 3 β_1 − 1 6 � Hλ̇_2 − λ_2 � y H + K � = 0 , 14. 1 3 λ_1 + 1 6 rλ^′_2 = 0 ,

– 19 – where dot means derivative with respect to y and prime with respect to r. Note that we have already taken into account the expansion to leading order in ϵ^2. In particular, all quantities except α_1 are viewed as O(ϵ^2) terms. This is why δ (which is of order ϵ^2) only survives in combination with α_1.

These equations may be simplified by defining the new variables

B_1 = 1 2 (β_2 + β_3) , B_2 = 1 2 (β_2 − β_3) ,

l_1 = 1 2 (λ_3 + λ_4) , l_2 = 1 2 (λ_3 − λ_4) ,

A_1 = 1 2 (α_2 + α_3) , A_2 = 1 2 (α_2 − α_3) , (B.2)

and by taking appropriate linear combinations.

The result is a set of equations involving only β_1, λ_1, λ_2 and α_1:

1. 2rβ^′_1 + Hλ̇_1 − � K + y H � λ_1 = 0 ,

2. 2rα^′_1 + Hλ̇_1 + � 3K − y H � λ_1 = 0 ,

3. −12H β̇_1 + rλ^′_1 + 2λ_2 = 0 ,

4. −Hα̇_1 + 4Kα_1 + Hβ̇_1 = 0 ,

5. 4β_1 − H λ̇_2 + � K + y H � λ_2 = 0 ,

6. 2λ_1 + rλ^′_2 = 0 ,

a second set involving B_1, l_2, A_2 and α_1:

7. 2rB^′_1 + 6B_1 + Hl̇_2 − � K + y H � l_2 = −δ(rα^′_1 − 6α_1) ,

8. 2rA^′_2 − 6A_2 − H l̇_2 + Ḣl_2 = 0 ,

9. 12HḂ_1 + l_2 − rl^′_2 = 0 ,

10. 4HȦ_2 − 8y H A_2 + 5 3 l_2 + 1 3 rl^′_2 = −16Kδα_1 ,

and finally a third set involving only B_2, l_1, A_1 and α_1:

11. 2rA^′_1 + 6A_1 − H l̇_1 + Ḣl_1 = 0 ,

12. −2rB^′_2 + 6B_2 − H l̇_1 + � K + y H � l_1 = δrα^′_1 ,

13. −12H Ḃ_2 + l_1 + rl^′_1 = 0 ,

14. −4H Ȧ_1 + 8y H A_1 + 5 3 l_1 − 1 3 rl^′_1 = 16Kδα_1 .

– 20 –

Furthermore, since α_1 only enters the second and third sets of equations in conjunction with δ, the O(ϵ^2) part of α_1 decouples from those sets of equations (the zeroth order part acts as a source). Hence if one is given the zeroth order form for α_1, then these sets of equations decouple. A good guess can be made by looking at the limiting cases of the Klebanov-Strassler [7] and Herzog, Ejaz and Klebanov [8] solutions. Based on this, we take α_1 to be given by α_1 = 3 2 1 (1 − cy)^2

. (B.3)

This choice of α_1, together with λ_1 = λ_2 = β_1 = 0 then satisfies the first set of equations without any correction at O(ϵ^2). Next, taking the r-dependence of A_1 to be r^{−3} and setting B_2 = l_1 = 0 is consistent with third set of equations. Equation 14 is then solved to give

A_1 = 3 4 ϵ^2 r^3 1 c^2Q(y) � 1 − ac^2 (1 − cy)^4 − 6 (1 − cy)^2 + 8 1 − cy

− 3 + ac^2 � , (B.4)

where Q(y) = a − 3y^2 + 2cy^3. The integration constant is fixed such that one gets the Klebanov-Strassler solution in the limit (2.8).

The remaining second set of equations present more of a challenge. To check their consistency, we make an Ansatz for r dependence as follows:

B_1 =

3ϵ^2 2r^3 � μ(y) ln r^3 ϵ^2

− ν(y) � , l_2 = H r^3 � θ(y) ln r^3 ϵ^2

− ψ(y) � , A_2 = 1 H^2r^3 � ρ(y) ln r^3 ϵ^2

− τ(y) � . (B.5)

The system now reduces to eight equations for six functions of y:

1. 9ϵ^2μ̇ + 2θ = 0 ,

2. 18ϵ^2ν̇ + 4ψ + 3θ = 0 ,

3. H^2θ̇ − 2yθ = 0 ,

4. 9ϵ^2μ + 2yψ − H^2ψ̇ = 9 ϵ^2 (1 − cy)^4 , 5. 12ρ + H^4θ̇ = 0 ,

6. H^4ψ̇ + 12τ + 6ρ = 0 ,

7. 2ρ̇ − 4 K H ρ + 1 3 H^2θ = 0 ,

8. −τ̇ + 2K H τ − 1 6 H^2ψ + 1 4 H^2θ + 6KH ϵ^2 (1 − cy)^4

= 0 .

– 21 –

However, we now see that equation 7 can be obtained from equations 3 and 5. and equation 8 can be obtained from equation 4 with the help of equations 6, 1 and 7. This leaves us with six equations for six functions. They can be solved to give

θ = ρ = 0 , μ = 1 ,

ψ = − 27 2 ϵ^2 cQ(y) � (1 − cy) − 1 (1 − cy)

�_2 , τ = 3 4 H^2ϵ^2 � 1 (1 − cy)^4 − 1 � + 3ϵ^2 4 y c(1 − cy) � (1 − cy) − 1 (1 − cy)

�_2 , ν = − 2 9ϵ^2 � ψdy = 4 − ln 2 − 3 (1 − ac^2)(1 − cy) − − c 2(1 − ac^2) 3� i=1 (a + 2acy_i + (1 − ac^2)y^2_i ) y_i(1 − cy_i) ln(y − y_i) , (B.6)

where y_i are the three roots of the cubic equation Q(y) = 0. The integration constants are chosen such that Klebanov-Strassler solution is obtained in the limit (2.8). The resulting imaginary self dual 3-form is given in section 5 in eqns. (5.6)–(5.9).

References

[1] J.P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Supersymmetric AdS_5 solutions of M-theory, Class. and Quant. Grav. 21 (2004) 4335 [hep-th/0402153].

[2] J.P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Sasaki-einstein metrics on S^2 × S^3, Adv. Theor. Math. Phys. 8 (2004) 711 [hep-th/0403002].

[3] D. Martelli and J. Sparks, Toric geometry, sasaki-einstein manifolds and a new infinite class of AdS/CFT duals, hep-th/0411238.

[4] S. Benvenuti, S. Franco, A. Hanany, D. Martelli and J. Sparks, An infinite family of superconformal quiver gauge theories with Sasaki-Einstein duals, JHEP 06 (2005) 064 [hep-th/0411264].

[5] M. Bertolini, F. Bigazzi and A.L. Cotrone, New checks and subtleties for AdS/CFT and a-maximization, JHEP 12 (2004) 024 [hep-th/0411249].

[6] I.R. Klebanov and E. Witten, Superconformal field theory on threebranes at a Calabi-Yau singularity, Nucl. Phys. B 536 (1998) 199 [hep-th/9807080];

S.S. Gubser and I.R. Klebanov, Baryons and domain walls in an N = 1 superconformal gauge theory, Phys. Rev. D 58 (1998) 125025 [hep-th/9808075];

I.R. Klebanov and N.A. Nekrasov, Gravity duals of fractional branes and logarithmic RG flow, Nucl. Phys. B 574 (2000) 263 [hep-th/9911096];

I.R. Klebanov and A.A. Tseytlin, Gravity duals of supersymmetric SU(N) × SU(N + M) gauge theories, Nucl. Phys. B 578 (2000) 123 [hep-th/0002159].

[7] I.R. Klebanov and M.J. Strassler, Supergravity and a confining gauge theory: duality cascades and χSB-resolution of naked singularities, JHEP 08 (2000) 052 [hep-th/0007191].

– 22 –

[8] C.P. Herzog, Q.J. Ejaz and I.R. Klebanov, Cascading RG flows from new Sasaki-Einstein manifolds, JHEP 02 (2005) 009 [hep-th/0412193].

[9] I.R. Klebanov, P. Ouyang and E. Witten, A gravity dual of the chiral anomaly, Phys. Rev. D 65 (2002) 105007 [hep-th/0202056].

[10] U. Gursoy, S.A. Hartnoll and R. Portugues, The chiral anomaly from M-theory, Phys. Rev. D 69 (2004) 086003 [hep-th/0311088].

[11] D. Berenstein, C.P. Herzog, P. Ouyang and S. Pinansky, Supersymmetry breaking from a Calabi-Yau singularity, NSF-KITP-05-27, May 2005 hep-th/0505029; S. Franco, A. Hanany, F. Saad and A.M. Uranga, Fractional branes and dynamical supersymmetry breaking, [hep-th/0505040];

M. Bertolini, F. Bigazzi and A.L. Cotrone, Supersymmetry breaking at the end of a cascade of Seiberg dualities, [hep-th/0505055].

[12] K. Altmann, The versal deformation of an isolated toric Gorenstein singularity, [alg-geom/9403004]; Infinitesimal deformations and obstructions for toric singularities, [alg-geom/9405008].

[13] A. Butti, M. Grana, R. Minasian, M. Petrini and A. Zaffaroni, The baryonic branch of klebanov-strassler solution: a supersymmetric family of SU(3) structure backgrounds, JHEP 03 (2005) 069 [hep-th/0412187].

[14] R. Minasian and D. Tsimpis, On the geometry of non-trivially embedded branes, Nucl. Phys.

B 572 (2000) 499 [hep-th/9911042].

[15] S.S. Pal, A new Ricci flat geometry, Phys. Lett. B 614 (2005) 201 [hep-th/0501012].

[16] P. Candelas and X. de la Ossa, Moduli space of Calabi-Yau manifolds, Nucl. Phys. B 355 (1991) 455.

[17] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990) 246.

[18] S.S. Gubser, Supersymmetry and F-theory realization of the deformed conifold with three-form flux, hep-th/0010010.

[19] M. Cvetič, G.W. Gibbons, H. Lu and C.N. Pope, Ricci-flat metrics, harmonic forms and brane resolutions, Commun. Math. Phys. 232 (2003) 457 [hep-th/0012011].

[20] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[21] J.P. Gauntlett, D. Martelli, J.F. Sparks and D. Waldram, A new infinite class of Sasaki-Einstein manifolds, hep-th/0403038.

– 23 –